A NECESSARY CONDITION FOR DYNAMIC EQUIVALENCE 
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Abstract. If two control systems on manifolds of the same dimension are dynamic equivalent, 
we prove that either they are static equivalent -i.e. equivalent via a classical diffeomorphism— or they 
are both ruled; for systems of different dimensions, the one of higher dimension must be ruled. A 
ruled system is one whose equations define at each point in the state manifold, a ruled submanifold 
of the tangent space. Dynamic equivalence is also known as equivalence by endogenous dynamic 
feedback, or by a Lie-Backlund transformation when control systems are viewed as underdetermined 
systems of ordinary differential equations; it is very close to absolute equivalence for Pfaffian systems. 

It was already known that a differentially flat system must be ruled; this was a particular case of 
the present result, in which one of the systems was assumed to be "trivial" (or linear controllable). 
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1. Introduction. We consider time-invariant control systems, or underdeter- 
mined systems of ordinary differential equations (ODEs) where the independent vari- 
able is time. Static equivalence refers to equivalence via a diffeomorphism in the 
variables of the equation, or in the state and control variables, with a triangular 
structure that induces a diffeomorphism (preserving time) in the state variables too. 
It is also known as "feedback equivalence" . Dynamic equivalence refers to equivalence 
via invertible transformations in jet spaces that do not induce any diffeomorphism 
in a finite number of variables, except when it coincides with static equivalence; 
these transformations are also known as endogenous dynamic feedback [Kl [B], or 
Lie-Backlund transformations [Tl [SI I16j , although this terminology is more common 
for systems of partial differential equations (PDEs); dynamic equivalence is also very 
close to absolute equivalence for Pfaffian systems [H [TSl [TH] . 

The literature on classification and invariants for static equivalence is too large 
to be quoted here; let us only recall that, as evidenced by all detailed studies and 
mentioned in [5T], each equivalence class (within control systems on the same manifold, 
or germs of control systems) is very very thin, indeed it has infinite co-dimension 
except in trivial cases. Since dynamic equivalence is a priori more general, it is 
natural to ask how more general it is. Systems on manifolds of different dimension 
may be dynamic equivalent, but not static equivalent. Restricting our attention to 
systems on the same manifold and considering dynamic equivalence instead of static, 
how bigger are the equivalence classes ? 

The literature on dynamic feedback linearization [TTl [5] , differential fiatness [SI 
[T5] , or absolute equivalence [TH] tends to describe the classes containing linear control- 
lable systems or "trivial" systems. The authors of |Sl[Tni[IS] made the link with deep 
differential geometric questions dating back to [9l [H [10] ; see [2] for a recent overview. 
Despite these efforts, no characterization is available except for systems with one con- 
trol, i.e. whose general solution depends on one function of one variable; there are 
many systems that one suspects to be non-flat -i.e. dynamic equivalent to no trivial 
system- while no proof is available, see the remark on (|3.17p in Section I¥t1 There is 
however one powerful necessary condition |171l20j : a flat system must be ruled, i.e. its 
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equations must define a ruled submanifold in each tangent space. As pointed out in 
[TT] . this proves that the equivalence class of linear systems for dynamic equivalence, 
although bigger than for static equivalence, still has infinite co-dimension. 

Deciding whether two general systems are dynamic equivalent is at least as dif- 
ficult. There is no method to prove that two systems are not dynamic equivalent. 
The contribution of this paper is a necessary condition for two systems to be dynamic 
equivalent, that generalizes |17| I20|: if they live on manifolds of the same dimension, 
they must be either both ruled or static equivalent; if not, the one of higher dimen- 
sion must be ruled. Besides being useful to prove that some pairs of systems are 
not dynamic equivalent, it also implies that "generic" equivalence classes for dynamic 
equivalence are the same as for static equivalence. 

Outline. Notations on jet bundles and differential operators are recalled in Sec- 
tion [21 the notions of systems, ruled systems, dynamic and static equivalence are 
precisely defined in Section [31 Our main result is stated and commented in Section [H 
and proved in Section [5l 

2. Miscellaneous notations. Let M be an n-dimensional manifold, either C°° 
(infinitely differentiable) or (real analytic). 

2.1. Jet bundles. Using the notations and definitions of 8, Chapter II, §2], 
J^{R,M) denotes the fc"^ jet bundle of maps IR ^ M . It is a bundle both over 
M and over M . If {x^ , . . . , a;") is a system of coordinates on an open subset of M, 
coordinates on the lift of this open subset are given by t 

{x^)''^\ . . . , (a:")'-'^^ where t is the projection on ]R. 

As an additive group, M acts on J^{1R,M) by translation of the t-component; 
the quotient by this action is well defined and we denote it by 

J^{M) ^ J''{M,M) I M . (2.1) 

Since we only study time-invariant systems, we prefer to work with J^{M). Quo- 
tienting indeed drops the t information: local coordinates on J^{M) are given by 
x^, . . . , x", i"'^, . . . , i", • • ■ , {x^)^^\ . . . , {x"'Y^^ ; for short, we write x, i, . . . , x'^^^ . For 
£ < k, there is a canonical projection 

TTk^e ■■ J^M) ^ J^(M) (2.2) 

that makes J^{M) a bundle over J^{M); in particular it is a bundle over M — J^{M) 
and over TM = J^(Af). In coordinates, 

7rfc,f(x,i, . . .,x'~^\ . . .,x'~^'^) = (x,i, . . . ,x(^)) . 

Notation. To a subset i7 C J'^{M), we associate, for all £, a subset Hi C J^{M) 
in the following manner (obviously, Q.k = f2): 

O _ / T^kA^) if ^ < fc, ,ry o\ 

^'-\ '^,,k-\n) if^>fc. ^^-^^ 

2.2. The k^^ jet of a smooth (C°°) map x{.) : I ^ M. With I C R a, time 
interval, it is a smooth map j'^{x{.) ) : I ^ J^{M) (see again [8]); in coordinates, 

jHx{.)){i) = {x{t),x{t),x{t),...,x^'^Ht)) • 

By a smooth map whose fc"' jet remains in fl, for some ft C J^{M), we mean a 
smooth x{.) : I ^ M such that 3^( x{.) ){t) e VL for all t in /. 
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2.3. Differential operators. If fl is an open subset of J''{M), and M' is a 
manifold of dimension n', a smooth (C°° or C^) map $ : ^ M' defines the smooth 
differential operator of ordei0 k 

Vl = $0 / . (2.4) 

Obviously, T)^ sends smooth maps I AI whose fc'^ jet remains in to smooth maps 
/ M' . In coordinates, the image of t x{t) is t ^ ^{x{t),x{t),x{t), . . . ,a;('^'(f)). 
Note that we do not require that k be minimal, so <f> might not depend on x^''"^ 

We call o 2?|, the r*'' prolongation of the differential operator it sends 
smooth maps I ^ M whose k^^ jet remains in Q to smooth maps / .V{M')] it 
is indeed the differential operator of order k + r, with ^I*"! the unique smooth 

map T^k+r.k~^{^) J^{M') such that 

fo<^>o = $M o /+'■ . (2.5) 

We call 4>[''l the r^^ prolongation of <&. One has Hrfl ° ^^"^^ = $ o nk+r.k and more 
generally, for s < r, 

^,,,o$W =<i>Wo7rfe+,,fe+, . (2.6) 
3. Systems and equivalence. 

3.1. Systems. Definition 3.1. A C°° or regular system with m controls 
on a smooth manifold M is a C°° or sub-bundle T, of the tangent bundle TM 

E TM 

n\ i (3.1) 
M 

with fiber T, a C°° or manifold of dimension m (e.g. an open subset of Iff^). 
The velocity set at a point x £ M is the fiber Ej; = 7r^^({a;}), a submanifold ofT^M 
diffeomorphic to T. 

Definition 3.2 (Solutions of a system). A solution of system S on the real 
interval I is a smooth (C^) x{.) : I ^ M .such that j'^{x{.)){t) G E for all t e /. 

Although a general solution of a system need not be smooth, we only consider 
smooth solutions. They form a rich enough class in the sense that systems are fully 
characterized by their set of smooth solutions. 

Locally, one may write "explicit" equations of E in the following form. Of course 
there are many choices of coordinates and the map / depends on this choice. 

Proposition 3.3. For each ^ £ E, with E ^ TM a regular system H3.1\) . there 

is 

• an open neighborhood U of ^ in TM, IAq its projection on M , 

• a system of local coordinates {xi,x^) on Uq, with xi a block of dimension 
n — m and of dimension m, 

• an open .subset U of IR^^"' and a smooth (C^ or ) map f : U ^ K""™, 
such that the equation of T, ClU in these coordinates is 

ii ^ f{xi,XTi,xji) , {xi,XTi,XTi) € U . (3.2) 
Proof. Consequence of the implicit function theorem. □ 

^ "Of order no larger than k" would be more accurate: if 'I' does not depend on fc"" derivatives, 
the order in the usual sense would be smaller than k. See for instance ^ in example 113.161 1. 
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Control systems. A more usual representation of a system with m controls is 

x = F{x,u), xeM,ueB, (3.3) 

with B an open subset of 5?™ and F : M x B ^ TM smooth enough. It can be 
brought locally, in block coordinates {xi,xti), to the form 

xi = f{xi,xji,u) , in = M (3.4) 

modulo a static feedback on u, at least around nonsingular points {x, u) where 

dF 

ia,nk ——(x,u) — m . (3.5) 
ou 



Equation (|3.2p can be obtained by eliminating the control u in (|3.4p . 

If (|3.5p holds, (|3.3p defines a system in the sense of Definition 13. II All results on 
systems in that sense may easily be translated to control systems (|3.3p . 

Implicit systems of ODEs. A smooth system of n — m ODEs on M: R{x, x) —Q 
with R : TA/ — * 5?""™ also defines a system in the sense of Definition 13.11 if it is 
nonsingular, i.e. rank|ij(x,i) = n — m. 

Singularities. With the above rank assumptions, or the one that S is a sub-bundle 
in Definition 13.11 we carefully avoid singular systems. This paper does not apply to 
singular control systems or singular implicit systems of ODEs. 

Prolongations of E. For integers fc > 1, we denote by E^, the prolongation 
of the system E to /c*'' order; it is the subbundle Ej, ^ J^{M) with the following 
property: for any smooth map x{.) : / M, with j''{x{.)) defined in section [2.21 

ji(a;(.))(t) eE, ie/ ^ jHx{.)me^k, tel. (3.6) 



The left-hand side means that x{.) is a solution of E according to Definition 13.21 
Obviously, Ei = E. We may describe E^ in coordinates. 

Proposition 3.4. Let K be a positive integer. There is a unique sub-bundle 
Ea' ^ J^(M) .such that: 



a smooth map x{.) : I —f M is a solution of system E on the real interval I 
if and only if {x{.)){t) G Eif for all tel. 



For all ^ G E^-, its projection — TTK.iiS.) is in E and, with 14 the neighborhood of 
^1, (a;i, xn) the coordinates onUo, U the open subset 5?"^™ and f : U ^ IR™' the map 
given by Proposition \3.3l the equations of IAk^^k in J^{M) are, in the coordinates 
(xi, xn, ii, in, . . . , a;||-^'') induced on U by {xi,xti), 



x'^^ ^ f^' ^\xi,XTi,XTi,...,x'('), l<i<K, 

(xi,a:n,iK,...,xf^) e [/ X iR(^-i)'" , 
where, for a smooth map f : U _ZR"^™, and £ > 0, f^^^ is the smooth map U x 

^Km _^ j^n-rn ^^fl^^^ Jjy j(0) ^ f ^^^^ fori>l, 

fU], ■ df^'-^\ . , (,+1) 

f^ >[xi,x^,x^,...,x\ ) = — Q J{xi,x^,x^) + ■ ^''■^1 
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Proof. This is classical, and obvious in coordinates. □ 

Remark 3.5. Each S/t+i (fc > 1) is an afhne bundle over Sfc, and may be viewed 
as an afSne sub-bundle of TSfc, i.e. it is a system in the sense of Section [3.11 on the 
manifold Sfc instead of M. 

In particular S2 ^ TS is the system obtained by "adding an integrator in each 
control" of the system E ^ TM. It is an afhne system (i.e. affine sub-bundle) even 
when E is not. 

3.2. Ruled systems. Recall that a smooth submanifold of an affine space is 
ruled if and only if it is a union of straight lines, i.e. if through each point of the 
submanifold passes a straight line contained in the submanifold. Such a manifold 
must be unbounded; since we want to consider the intersection of a submanifold with 
an arbitrary open set and allow this patch to be "ruled", we use the same slightly 
abusive notion as [14| : a submanifold N is ruled if and only if, through each point 
of it, passes a straight line which is contained in N "until it reaches the boundary of 
iV" . Here, the boundary of the submanifold N is dN — N \ N. 

A system will be called ruled if and only if Y,x is, for all x, a ruled submanifold 
of TxM . This is formalized below in a self-contained manner. 

Definition 3.6. Let O be an open subset ofTM. System E (see iS.l\ )) is ruled 
in O if and only if, for all {x, x) E (O Cl E), there is a nonzero vector w G Tj,M \ {0} 
and two possibly infinite numbers G [— cxd,0) and A"*" G (0, -l-oo] such that 
{x, X + Xw) e O riT, for all X, A" < A < A+ and 

A- > -cx)^ (.T,.i + A"w) G a(OnE) , 
A+ < +00 ^ (a:,i + A+w) G a(C'nE) . 



Recall that, by definition, 3 (O n E) = O n E \ (O n E). 
We shall need the following characterisation. 

Proposition 3.7 ([14 )• Let O be an open subset ofTM. E is ruled in O if and 
only if, for all ^ = {x,x) inT,C\0, there is a straight line in T^M passing through x 
that has contact of infinite order with T,^ at x. 

Proof. From [14|, Theorem 1], a "patch of" submanifold of dimension m in a 
manifold of dimension n is ruled if and only if there is, through each point, a straight 
line that has contact of order n + 1. This is of course implied by infinite order. □ 

3.3. Dynamic equivalence. The following notion is usually called dynamic 
equivalence, or equivalence by (endogenous) dynamic feedback transformations in 
control theory, see [151 13 [HI Ull ■ It is in fact also the notion of Lie-Backlund trans- 
formation, limited to ordinary differential equation, as noted in [7j or [16j . 

Definition 3.8. Let ^ TM and E' ^ TM' be C°° (resp. C^) regular 
systems (see iS.l]) ) on two manifolds M and M' of dimension n and n' , K,K' two 
integers, fl C (M) and fi' C (M') two open subsets. 

Systems E and E' are dynamic equivalent over f2 and Q' if and only if there exists 
two mappings of class C°° (resp. ) : 

$ : 17 ^ Af , -9 : fl' ^ M (3.11) 

inducing differential operators and -see i2.4\ )~ such that, for any interval I , 
• for any solution x{.) : I ^ M of Yl whose K*^ jet remains inside ^l, 
T>^{x{.) ) is a solution of Y,' whose K'*^ jet remains inside il' 
andV^'{V^{x{.))) = x{.), 
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• for any solution z(.) : I — > M' of E' whose K'^^ jet remains inside Q,' , 
(z(.) ) is a solution of Yl whose X*'' jet remains inside fl 
andV^{V^'{z{.))) = z{.). 

Remark 3.9. Since all properties are tested on solutions, only the restriction of $ 
and \1/ to and T,k' (see Proposition matter; for instance, $ can be arbitrarily 
modified away from without changing any conclusions. Borrowing this language 
from the literature on Lic-Backlund transformations, $ and 5* above are "external" 
correspondences . 

In [7] or in [T^], the "internal" point of view prevails: for instance $ and 'J are 
replaced, in [7], by diffeomorphisms between diffieties. This is more intrinsic because 
maps are defined only where they are to be used. However the definitions are equiv- 
alent because these internal maps admit infinitely many "external" prolongations. 

Here, this external point of view is adopted because it makes the statement of 
the main result less technical. Note however that, as a preliminary to the proofs, an 
"internal" translation is given in section [?7T] 

Remark 3.10. In the theorems, we shall require that fl and il' satisfy 

1^1 ns c (r^nSif)! and n[ni:' c (r^'ns'^Oi , (3. 12) 

i.e. any (jet of) solution whose first jet is in ^ll lifts to at least one (jet of) solution 
whose K^^ jet is in O. Note the following facts about this requirement. 

- These inclusions are equalities for the reverse inclusions always hold. 

- Replacing the original O with fl\ (^{fli fl E) \ (fi fl YK)ij and fi' accordingly forces 

p.l2p : alternatively, keeping arbitrary open sets, Theorem l4.2l and Theorem 14 . II would 
hold with fii replaced with fli \ {fli fl S) \ (il n Sif)i. 

- When S' = TM' is the trivial system (see section [X5|) . any open ft' satisfies p.l2p . 

3.4. Static equivalence. Definition 3.11. Let O c TM and O' c TM' be 

open subsets. Systems S and S' are static equivalent over O and O' if and only if 
there is a smooth diffeomorphism $ : Oq — > Oq such that the following holds: 

a smooth map t t-^ x{t) is a solution of H whose first jet remains in O 1 
if and only if t t-^ $(a;(i)) is a solution ofYl whose first jet remains in O' . J 

(3.13) 

Definition 3.12 (Local static equivalence). Let O c TM and O' c TM' be 
open subsets. Systems S and E' are locally static equivalent over O and O' if and 
only if there are coverings 0/ O n E and O' D S' ; 

s n o c E n y , E' n C c E' n y 

where A is a set of indices, O" and O'" are open subsets of O and O' , such that, for 
all a, systems E and E' are static equivalent over and O"^ . 

This definition, stated in terms of solutions, is translated into point (a) below, 
that only relies on the geometry of E and E' as submanifolds. Point (b) is used for 
instance in [T31 [12] where "centro-affine" geometry of each E^: is studied. 

Proposition 3.13. (a) Systems E and E' are static equivalent over O C TM 
and O' C TM' if and only there is a smooth diffeomorphism $ : Cq ^ O'q such that 

maps OnE io CnE'. 

(b) If systems E and E' are static equivalent over O C Til/ and O' C TM' , there 
is, for each x G Oq 'J linear isomorphism T^M T$(^)M' that maps Ej; to E^^^^. 

(c) Static equivalence preserves ruled systems. 
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Proof, (b) and (c) are easy consequences of (a), which in turn is clear by differ- 
entiating solutions in Definition 13.21 □ 

3.5. Examples. 1. We call trivial system on a smooth manifold M the tan- 
gent bundle itself TM. Any smooth x{.) : J — > M is a solution of this system; it 
corresponds to "no equation" , or to the control system x — u, or to the "afhne difR- 
eties" in [7]. Following [H [7], a system S ^ TM is called differentially flat (on 
n C J^{M)) if and only if it is dynamic equivalent (over O and U!) to the trivial 
system TM' for some manifold M' . 

2. Any system E ^ TM is dynamic equivalent to the one obtained by "adding 
integrators". It was described in Remark 13.51 as an affine sub-bundle E2 > TE; S 
and Yj2 are equivalent in the sense of Definition 13.81 with M' — Y., K = 1, K' = 0, 
Vl an open neighborhood of S in J^(Af) = TAf such that there is a $ : ^ S that 
coincides with identity on E, Q! — M' — E and "if — it (see p.ip ). 

This may be easier to follow in the coordinates of Proposition 13.31 The pro- 
longation of (j3.2p has state {yi,yji) € U, with yi a block of dimension n and j/n of 
dimension m, and equation yi — (/(yi,y]i) , yi) . In coordinates, the transformations 
$ : J^iUo) U and *:[/—> C/q are given by {yi,yTi) = <I>(a;i, xi, ii, in) = {x,xti) 
and X = "^{y) = yi. 

Static equivalence between these systems of different dimension does not hold. 

3. Let us now give, mostly to illustrate the role of the integers K, K' and the 
open sets Vl and 51', two more specific examples of systems E ^ TIR^ and E' ^ 
T]R^ with the following equations in TiR^, with coordinates (a;i, a;2, xa, ii, ±2, is) or 
(yi, y2, ys, yi, 2)27 2/3)7 clearly defining sub- bundles with fiber diffeomorphic to F!?: 

E : ii = a;2 , E' : yi = y2 + (1/2 - yiys) 2/3 • (3.14) 



These equations are even globally in the "explicit" form given by Proposition [ 

First of all, E is dynamic equivalent to the trivial system E" = TM^, with <I> : 
E? defined by $(a;i, xa, X3) = {xi,x-i) and ^ : J^{1R^) given by 

*(zi,Z2,ii,i2) = (zi,ii,Z2). Here K = 0,K' = l,n^ R^,n' = J^{R^). 

Also, with K ^ I and K' = 2, systems E and E' are dynamic equivalent over 
n C Ji(iR^) and fl' C J^{R^) defined by 

= {{xi,X2,X3, Xi,X2,X3), 1 - ±2 - 2:2^ ^ 0} , 

= {(yi7y27y3, yi,y2,y3, 2/172/2,2/3)7 1 - 2/3 - 2/3 7^ 0} • 

The maps $ : 17 J?^ and * : fl' ^ J?^ are given by 

(1 - X2)X3 + X2 X3 X2^ X3 -I- ±3 
1 — X2 — X2^ ' 1 — ±2 — X2^ 

*(yi7y2,y37 yi,y2,y3, 2/1,2/272/3) = (y3 7 2/3 7 yi - y3y2 ) • (3.16) 



$(a;i,X2,a;3, a;i,a;2,X3) = ( r , _ . _ — 3 , xi), (3.15) 



Remark 3.14. Since "if does not depend on second derivatives, K' = 2 is not the 
order of the differential operator in the usual sense; this illustrates the footnote 
after (|2.4p : it is however necessary to go to second jets to describe the domain ^l' 
where the restriction to solutions of E' of this first order operator can be inverted. 

Finally, note that systems E and E' are not static equivalent because, from Propo- 
sition [3lT3]-(b), this would imply that each E^ is sent to some E^ by a linear isomor- 
phism TxM TyM', which is not possible because each E^; is an affine subspace of 
Ta;M and T,'y a non degenerate quadric of T^M'. 
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4- Consider two more systems, E > TM^ and S' ^ TJR^ described as in p.l4p : 



System E is ruled -each Ej, is the union of hues ?/2 — yiVa = ^, Vi — y2 + j/s for A 
in JR- while S' is not. Hence, from point (c) of Proposition 13.131 E and E' are not 
static equivalent. We shall come back to these two systems from the point of view of 
flatness and dynamic equivalence in sections 14. II and 14.31 

4. Necessary conditions. 

4.1. The case of flatness, ft has been known since [T71 [20] that a system 
which is dynamic equivalent to a trivial system -see the beginning of section [3751 such 
a system is called differentially flat- must be ruled; of course, at least in the smooth 
case, this is true only on the domain where equivalence is assumed. 

Theorem 4.1 (|171l20j). //E is dynamic equivalent to the trivial system E'=TAf' 
over n C J^{M) and fl' C J^'{M') satisfying ifO^j . then E is ruled in fli. 

Application. Since E in (|3.17p is not ruled, this theorem implies that it is not 
flat, i.e. not dynamic equivalent to the trivial system TIR^. On the contrary, E' in 
p.l7p is ruled, hence the result does not help deciding it being flat or not; in fact, 
one conjectures that this system is not flat, but no proof is available; see [3]. 

4.2. Main idea of the proofs. Our main result, stated in next section, studies 
what remains of Theorem 14 . 1 1 when E' is not the trivial system. Due to many techni- 
calities concerning regularity conditions, the main ideas may be difficult to grasp in 
the proof given in section 15.21 In order to enlighten these ideas, and even the result 
itself, let us first sketch the proof of the above theorem, following the line of [17] (itself 
inspired from [10' ) , but without assuming a priori that E' is trivial. 

Take two arbitrary systems E and E', and assume that they are dynamic equiv- 
alent. From Proposition 13. 3[ one may use locally the explicit forms 



Recall that n and n' denote the dimensions of x and z; assume n < n' . Since we work 
only on solutions (see Remark l3.9l and also Section [5.ip and the above equations allow 
one to express each time-derivative Xj , j > 1, as a function of , , in , . . ., , 

(3) (3) 

we may work with the variables a:i, si, ii, ii, a:^ , . . . and zj, zj, in, zj, ; . . . only. 
The map $ of Definition 13.81 translates, in these coordinates, into a correspondence 
= (t>iixi, xji, x-![, . . . , x\^^), Z]i — (j)ji{xi, xji, xji, . . . , x'^^); here the number K is 
chosen such that the dependence of (j) versus x^^'^ is effective. 

If K = 0, this reads z = 4'{x), and n < n' is absurd because it would imply 
(around points where the rank of (j) is constant) some nontrivial relations R{z) = 0. 
Hence n — n' , (jj is a local diffcomorphism and static equivalence holds locally. 

li K > 1, note that $ mapping solutions of E to solution of E' implies (plug the 
expression of z given by (j) into state equations of E') the following identity, valid for 
all xi,XTi,x-a, . . . ,x]^ ': 



E : ii = X2 -f (±2 - xix^y x^ , 



: = 2/2 + im - yiVsf Vz ■ 



(3.17) 



E: ii = /(a::i,a;E,iK) , E' : zi = g(zi, zn, zn) . 





d(h(K+i) 



) 
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where and depend on , , in , . . . , xjj only and, at least at generic points, 
( -^jk) , ) 7^ 0). Fixing such xj, xn, ii, . . . , and consequently z = (/)(a;i, 

a;ii,iE, • • ■ and examining as a submanifold of T^M' with equation ij = 

(7(2, in), it is clear that moving x^^^^ in a direction which is not in the kernel of 
^fjc) a;]i, in, • ■ ■ , provides a straight line of TzM' contained in E^, and, since 

this covers all points of S^, proves that the latter is a ruled submanifold of T^M' and 
finally that system S' is ruled. We only examined regular points; see Section for 
a proper proof. 

Collecting the two cases, we have proved that, if 71 < n', either E' is ruled or 
n = n' and E' is static equivalent to E. This is stated formally in Theorem 14.21 

4.3. The result for general systems. The contribution of this paper is the 
following strong necessary condition for dynamic equivalence between two general 
systems, fli and fi'^ are defined by (|2.3p . 

Theorem 4.2. Let E and E' be systems on manifolds of dimension n and n' , 
K, K' two integers and C J^{M), fi' C [M') two open subsets satisfying iS.lS]) . 

If and E' are dynamic eguivalent over and Q' , then 
if n > n' , system E is ruled in fli, 
if n < n', system E' is ruled in fl'i, 

if n — n' , then (see Definition \3.1S\ for "locally static equivalent") 

- in the real analytic case, and i/ Jli n E and Q[ n E' are connected, 

either systems E and E' are ruled in Qi and Q'l respectively, 
or they are locally static equivalent over fli and Q[, 

- in the smooth (C°°) case, there are open subsets TZ,S o/ili and TV ,S' of fl[ 

such that Qi and Cl'i are covered as 

Qi = nus = Tzus , n[ = n'us' = n'u'S' (4.1) 

and the systems have the following properties on these sets: 

1. E and E' are ruled in TZ and TV respectively, 

2. E and E' are locally static equivalent over S and S' . 
Proof See Section [5^ □ 

A few remarks are in order: 

1. Theorem 14. II is a consequence. Indeed, n'—m' because E' is trivial, dynamic 
equivalence implies m'^m (this is common knowledge; see [1], [7] or p!Bl Theorem 1]), 
and n > m for any system; hence n > n' and Theorem 14.21 directlv implies that E is 
ruled except if the systems are static equivalent, but this also implies that E is ruled 
from point (c) of Proposition l3.13l and the fact that the trivial system E' is ruled. 

Static equivalence still appears explicitly in Theorem 14.21 because two general 
systems can be static equivalent without being ruled. 

2. The part "n > n' or n < n'" can be rephrased as follows: if a system is 
not ruled, it cannot be dynamic equivalent to any system of smaller dimension. No 
necessary condition is given on the system of lower dimension; indeed any system is 
dynamic equivalent to at least its first prolongation, see Example 2 in Section [3.51 

3. The case n — n' states that dynamic equivalence, except when it reduces to 
static equivalence, forces both systems to be ruled (in the real analytic case, the added 
rigidity prevents the two situations from occurring simultaneously). 

In other words, if two systems are not static equivalent and at least one of them is 
not ruled, they are not dynamic equivalent. Since the two conditions can be checked 
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rather systematically, this yields a new and powerful method for proving that two sys- 
tems are not dynamic equivalent, a difficult task in general because very few invariants 
of dynamic equivalence are known. 

For instance, to the best of our knowledge, the state of the art does not allow one 
to decide whether S and E' in (|3.17p are dynamic equivalent or not. In section [3?5l 
it was noted that they are not static equivalent and E' is not ruled. This implies: 

Corollary 4.3. S and S' in jS.l'T^ are not dynamic equivalent over any do- 
mains. 

4-. Since being ruled is non-generic |17| , we have the following general consequence 
(in terms of germs of systems because the conclusion in the theorem is only local). 

Corollary 4.4. Generic static equivalence classes for germs of systems of the 
same dimension at a point are also dynamic equivalence classes. 

Note that this is in the mathematical sense of "generic": this does not prevent 
many interesting systems from being dynamic equivalent without being static equiv- 
alent... it might even be that "most interesting systems" fall in this case ! 

5. Proofs. Recall that subscripts always refer to the order of the jet space. The 
notation (|2.3p is constantly used. 

5.1. Preliminaries: a re-formulation of dynamic and static equivalence. 

The maps $ and ^ are always applied to jets of solutions, and, according to (|3.6[) . the 
K^^ jets of solutions of S remain in Y^k', hence the only information to retain about 
$ and \1/ is their restriction to, respectively, 

h^nr\T,K and n' = n' n t! k' ■ (5.i) 

We need one more piece of notation: according to Section [2T3l the prolongation 
of a smooth map <& : O ^ M', is a map tt^^^ ^(fJ) J'^M'; again, only its restriction 

to VIk+i will matter; for this reason, the notations $^^1 and will not stand for the 
prolongations as defined earlier, but rather these restrictions: 

$M : ^K+e ^ J\M') , $M : U'k'+i ^ J\M) , (5.2) 
with ^K+i — ^K+i n , ^'k'+i ~ ^' K'+i n Y,' K'+i ■ (5.3) 

We may now state the following proposition. Smooth {C°° or C^) maps on ^k+i 
or K'+i can be defined in a standard way because, from Proposition 13. 3[ these are 
smooth embedded submanifolds. 

Proposition 5.1 (Dynamic Equivalence). Let K,K' be integers, fl C J^{M) 
and Q,' C {M') two open subsets. Systems S and S' are dynamic equivalent 
over f2 and if and only if, with 17,57' defined in iS.l]) . there exist two smooth (real 
analytic, in the real analytic case) mappings 

$ : f2 -> M' and ^ : Q' -> M , 

such that ^ ^ ^ . 

$W(f7K+i) CS', vI/W(f7V+i)cS, (5.4) 



and, with $[-^1 and ^^^^ defined by \5.^) . 

$[^'l(f7M') C n', $[^](f7i^+^,) C r!, (5.5) 

^o^i'^'^ ^ TTK+K',0 , $o$[^'l = 7rK+A",0 • (5.6) 
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Proof. If the above conditions on $ and ^' are satisfied, and x{.) : / — > M is a 
solution of E whose K*^^ jet remains inside il, then the first part of (15. 4p impHes that 
V^(x{.)) is a solution of S', the first part of (|5.5p implies that its if'^ jet remains 
inside fi', and the first part of (|5.6p implies that {V^ (x{.))) — x{.). This 
proves the first item of Definition 13.81 the second item follows in the same way from 
the second part of (j?^ . and (|5^ . 

Conversely, if $ and ^' satisfy the properties of Definition [3?8l their restrictions <i> 
and to f2_and fi' respectively satisfy the above relations because through each point 
in ^K+i, ^'k'+i, ^k+k' or Qk+K' passes a jet of order K + 1, K' + 1 or K + K' oi 
a solution of E or S'; differentiating yields the required relations. □ 

Proposition 5.2 (Static Equivalence). With ili C J^(M) = TM and n[ C 
J^{M') — TM two open subsets, systems S and S' are static equivalent over f2i and 
17']^ if and only if with defined in i5.1\) . there exist a smooth diffeomorphism 

-.Qq ^ fig, and its inverse "^q such that ${,^'(f2i) = Q[ (and = Qi). 

Proof. This is a re-phrasing of point (a) of Proposition □ 

5.2. Proof of Theorem 14.21 Assume that E and S' are dynamic equivalent 
over the open sets n C J'^{M) and fl' C J^' {M')- let $ : O ^ M' and $ : f2' ^ M 
be the smooth maps given by Proposition 15.11 (recall that Q, and Vl' are open subsets 
of Eif and S^/ ) . We define open subsets (l^ C and VL'^ C VL' and state four lemmas 
concerning these : 

£<^n^ ^ There is a neighborhood V oi £m.Q. and a smooth map 

(5.7) 



$0 : Vb ^ M' such that $ 
^' g ri'^ ^ There is a neighborhood V' of ^' in $7' and a smooth map 



= $0 O TlKfl , 



^0 : Vq M such that * 



(5.8) 

Wo O TTif^o • 



Lemma 5.3. In the analytic case, and if = fl H T, and $7' = f2' n E' are 
connected, one has either V,^ = D, or il^ = 0, and either d'^ = {l' or V,'^ = 0. 

Lemma 5.4. One has the following identities, where the two first ones hold for 
any .subsets S d fl, S' C fl' and any integer £, < £ < K + K' , 



T^K+K 



(<i>[^'r\5')) - (S'^,^^) , nK+K',i (*[^r\5)) ^ vpM (^SK+e) , (5.9) 
$[11 (flx+i) = , {^'k'+i) = ■ (5.10) 



Lemma 5.5. If n < n' , then ^ 0. If n > n' , then ft'^ = 0. 

If n — n' , there is, for all G , o, neighborhood Vi o/ = 7rA',i(^if) i^i 
and an open subset V[ of fl'^ such that systems E and E' are static equivalent over Vi 
and V'l. There is also, for all S fl'^ , a neighborhood W' of ^[ = nK',i{Cx') ™ ^'i 
and an open subset Wi of fli such that systems E and E' are static equivalent over 
Wi and W'l . Finally, 

7rK+K',K' ($[^1"' {n')) = $[^'1 (l7|+^,) = h'' , (5.11) 
W,K ($[^'1'' (f2'^)) = $[^^1 = ■ (5.12) 
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Lemma 5.6. For all £,k+i G ^k+i such that ~ ''^k+i.k{S,k+i) G there 
is a straight line in T^j-^^^Af' that has contact of infinite order with S' at 

These lemmas will be proved later. Let us finish the proof of the Theorem. 

If n < n', (|5.10p impHes existence, for each e ^I'l = fli Ci S', of some £,k+i & 
flx+i such that $[^1 {£,k+i) = and finally, since fl^ is empty according to Lemma [?751 
Lemma [5.61 yields a straight line in T^^^Af that has contact of infinite order with E' 
at from Proposition 13.71 this implies that system E' is ruled over Qi. If n > n', 
one concludes in the same way. 

Now assume n — n' . For all ^ in $[^1 ^(£7 \ r2"^)j^_|_i^ , there is, according to 

Lemma [5.61 a straight line in T^/ Af that has contact of infinite order with E' at ^ . 
By continuity, this is also true for all f ' in the topological closure 

B! - m ((SI \ = ^K+K'.x (*[^r' \^''))^ (^-i^) 

where the second equality come from (|5.9p . Let be the interior of B! for the 

induced topology on S'; since E! = i{R'), there is an open subset TZ' of C TAf, 
enjoying the property that it is the interior of its topological closure, and such that 
7^' n E' = i{R') and E' = R' . From Proposition [3Jl E' is ruled over Tl' . Setting 
S' — \ TZ', one has n[ — TZ' U S' = TZ' U S' . Along the same lines, E is ruled over 
TZ, open subset of fli C TAf such that 7^ n E is the relative interior of 

R = m ({n' \ n'S)j,,+,^ = ^k+k-,! (^i^'i"' (n' \ n's'^) , (5.i4) 

and such that VLi =lZ\J S = TZiJS with S = VLi\TZ. 

We have proved ()4.1|) and point 1; let us prove point 2. Obviously, 

5nE C TTK+KM and 5'nE' C TTj^+KM ($[^l~^(f2^)) . 

Using identities (|5.1ip and (|5.12|) . this implies 

5nE C 7rK,i(f2^) and 5' nE' C 7rKM(f2'^) . (5.15) 

For all ^ in 5 n E, there is one G such that ^ = 7rx,i(fK) and, from 
Lemma [5.51 a neighborhood Vf of ^ in Vti and an open subset of Vl'^ such that 
systems E and E' are static equivalent over and V[^. For all ^' in 5' fl E', there is 
one G ri'"^ such that ^' = k' ,i{S,'k') and, from Lemma a neighborhood W'^ 
of S/i = T^K' .i{S,'k') in f^'i and an open subset of f^i such that systems E and E' 
are static equivalent over Wf and W[^. 

Now, (Vi){£sns is an open covering of 5 n E and (VV(^ )c'G5'ni;' is an open 
covering of 5' HE'. Take for (5")aGA the union of (Vf)5e5nE and (wf )5'e5'ns'; take 
for (5'")aGyi the union of (V(^)5g5nE and {W[^ )e,'eS'nT.'- 

This proves the smooth case, and obviously implies the real analytic one from 
Lemma 15.31 □ 

Let us now prove the four lemmas used in the above proof. 
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Proof of Lemma [57^ If ^ 0, then there is at least an open set in fl derivatives 
of <i> along any vertical vector field (preserving fibers of AI) are identically zero; 

since these are real analytic they must be zero all over fi, assumed connected, hence 

= f2. The proof is similar in f2'. □ 

Proof of Lemma \5.4\ The first relation in (15. 9p is a consequence of the two 
identities 

7:k'+i,k' o = $[^'1 o TrK+K'+i,K+K' and $M o $[^'+^1 = iTK+K'+ti , (5.16) 

respectively ((2?6)) with (r, s) = {K' +e,K') and the prolongation of ((5?6)l . The 
second relation follows from interchanging K,^, S with K' S' . 
From equations (|5.4p and (j5.5p . one has, for any positive integer 

$M(f]K+£) C and *M(f]i^,+^) C fi^ (5.17) 

(for instance, ([O]) imphes $[^l(f2K+£) C S^, (153]) implies $M(17if+£) C Q.'^, hence 
the first relation above because il'^ — fl'^ D S^). We only need to prove the reverse 
inclusions for i — 1. Let us do it for the second one. The second relation in (|5.16p for 

i = 1 implies hi = ($[^'+il(f2A:+K'+i)), and finally hi C ¥^Hh'j^,^^) from the 
first relation in ([5T6l) with £ = K' + 1. □ 

Proof of Lemma \5.5[ Assume for instance that fl^ is non-empty; then it contains 
an open subset V and there is a smooth $o : Vb M' such that, in restriction to 

$ $0 o TTfCfi- Hence (|5.6p implies, on the open subset = (l-I^^l) (F) of 

iooTTK.oo*!'^'^'! = 7:k+K',o\v' ■ (^-l^) 

The rank of the map on the left-hand side is n' while the rank of the right-hand side 
is no larger than n (rank of ttk.o), hence fl^ ^ implies n' < n. By interchanging 
the two systems, this proves the fist sentence of the Lemma. 

Let us now turn to the case where n = n'. Consider £_k in ■ By definition of 
fl^ , there is a neighborhood V and a smooth (real analytic in the real analytic case) 
map ^0 : Vq ^ M' such that $ = $o o tt^.o on V. Let V' be defined from V as 

V = 7rK+K',K' (*t^l"'(l^)) = ^^'''KVk+k') , (5.19) 

where the second equality comes from (|5.9p . Applying and ^[^1 to both sides of the 
first equality in (|2.6p and using (|5.19p with (r, s) = {K,0) and (r, s) = (A', 1) yields 

^{V) - , *f'l(^K'+i) = ^1 • (5.20) 

Substituting <i> = $o ° '^K,a in (|5.6p . one has $o ° ^ ° t^k+k^K' — t^k+k'a on 
$M"\y) , and finally 

$Q o $ = TTKvo on V ; (5.21) 
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in a similar way, substituting ^^'^^ = $q^' o ttk+i.i in the first prolongation of 

$W o $W = ^K'+i^ on . (5.22) 

Applying $o to both sides of the first relation and $q^' to both sides of the second 
relation in dOO]), one has, using (lOTj) and 

$o("t^o) = *o"("t^i) = '^"i'- (5.23) 

Since the rank of ttk' ,0 in the right-hand side of (|5.2H) is n' = n at all points of V ^ 
$0 must be a local diffeomorphism at all point of '^{V') = Vq and in particular at 
by the inverse function theorem, there is a neighborhood O of = i^KfiiC) in ^ and 
a neighborhood O' of <&o('?o) in M' such that $o defines a diffeomorphism O ^ O' . 

Let us now replace F with V n 7rif_o~^(0), a smaller neighborhood of ^j^; is 
still defined by (|5.19p from this smaller V , one has Vq = O, the former $o is replaced 
by its restriction to this smaller Vq, and the above relations still hold. In particular, 
O' — $o(0) must be all Vq according to (|5.23p . i.e. defines a diffeomorphism 
Vb Vq] let ^'o be its inverse. Composing each side of (j5.2ip with ^^o, one gets 
vj/ = vJ/q o TT/f/ on V'] hence, by (|5.8p . one has V C ri'"^ and, since this is true for all 
^A' in 51"^, one has 

($[^l"\f2^)) = $[^'1(17|+A,) C f2'^ . (5.24) 
Let Vi and V{ and be open subsets of ili and Vl'^ such that 

= s n Vi , = s n v( . (5.25) 

From Proposition [521 the second relation in (15.23^ implies that systems S and S' are 
static equivalent over Vi and V[. Interchanging the two systems, one proves that 

irK+K'j< f$[^'l''(f2'^)) = $[^l(f2f+^,) C . (5.26) 



and that, for all £ tl'^ , there are a neighborhood W of = t^k' .i{£,'k') in 
and an open subset Wi of VLi such that systems S and E' are static equivalent over 
Wi and W(. 

Now, $[^'](f]|^^,) C f2'^ in (jOi)) implies C $[^'l"\f2'^), and hence 

C ttk+K'.k (^$[^'1 ^(f^''^)^ . Hence (|5.24p imphes the converse inclusion in (|5.26p : 

in a similar way (|5.26p implies the converse inclusion in (|5.24l) . This proves (|5.1ip 
and (|5.12p . and ends the proof of Lemma [531 □ 



Proof of Lemma 15.61 Denote by £,k+i the point £,k+i in the lemma statement 
and set = 'n:K+i,K{£,K+i) e \ f]'^, = '^Kfi{£,K+i), Ci = t^kA^k+i)- From 
Proposition 13.41 and after possibly shrinking Uk so that it is contained in fi, there 
exist a neighborhood C ri of in J^{M), coordinates {xi,X]i) onUo — ttk,o{^k) 
inducing coordinates (a:i, xn, ii, in, . . . , x[^\x\^^) on Uk, and an open subset Uk C 
jp^n+Km g^^]^ ^j^g^^ ^YiQ equations of Uk = Uk n T,k in J^{M) in these coordinates 
are 



X 



(xi,a;ii,in, • ■ - ^x^^^) e Uk ■ 
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By substitution, there is a unique smooth map (f)^ ■ Uk — > such that = 
(j)K{xi, xj, in, . . . , x^^) for aU ^ in IAk with coordinate vector [xi, xn, . . . , x'\^\ x'^^). 

Let Xi — (xi , Iff, ii , in , . . . , j: J ) be the coordinate vector oi tor i < K + 1 
and p the smahest integer such that (f)K does not depend on x\l'~^^'' , ■ • • , on at least 
one neighborhood of Xk- Shrinking Uk to this neighborhood, and Uk accordingly, 
we may define (j) : Up ^ M' , with Up the projection of Uk on J?"^^™, such that 
= '/'if xn, in, . . . , ^Jj^-*) = xn, ij, . . . , xj^^''). If p was zero, one would 

have <&(^) = xn), hence the right-hand side of (|5.7p would be satisfied for ^ = 
with V — Uk', this is impossible because we assumed fx G i7 \ ft^ . Hence p > 1. 

For all £,K+i in Uk+i with coordinate vector (xi, xj, . . . , xj^^^^^), one has 

$™ (e^+i) - xn, ii, . . . , 4'^'^) (5-28) 
with X ■ Up-f-i —>■ TAf the map defined by 

x(xi . . . 4'^+'') - ( 0(^1 . . . 4'') , • ■ • 4'') + ■ • ■ 4'^) 4'+'^ ) (5.29) 

with a = ^/ + X;Co 4"^^^- According to jESI, (lOTI) and (jKTMl) . E' contains 
x(t/p+i). Now, for any (xi, . . . , x^^^"'^'') G ?7p+i such that the hnear map 

is nonzero, picking w 7^ in its range, (I5.29P implies that the straight line A in 
T , a!}\M' passing through xixi . . . xi^^^-') with direction u; has a segment around 

(p^aji , . . . ) 

x{xi ■ ■ contained in S', hence in particular A has contact of infinite order 

with E' at point xi^i, ■ ■ ■ i^if^^'')- To sum up, we have proved so far that, for all 
^K+i in l^K+i with coordinate vector {xi, xj, . . . ,x\^ ^ such that ^(a;i...4^)) 

is nonzero, there is a straight line A^^^^ in Tj^^^^Af passing through (f>[^l (^i^+i) 

that has contact of infinite order with E' at 4>l^](^x+i). The set of such points £,k+i 
may not contain S^k+i but its topological closure does, by minimality of p\ taking 
a sequence of points (,k+i that converges to £,k+i, any accumulation point of the 
compact sequence (A^^^J is a straight line in Tj^^^^Af passing through ^^^\£_k+i) 
that has contact of infinite order with E' at $[-'^1 (fx+i). □ 

Acknowledgements. The authors is indebted to the anonymous reviewer who 
suggested to include a sketch of proof (Section 14. 2p that clarifies the main ideas. 
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